Introduction
Let R be a commutative ring with identity. For a finitely generated R-module M , we denote the R-Fitting ideal of M by Fit R (M ). When R is a discrete valuation ring, it is well known that length M = length R/Fit R (M ).
for every finite-length R-module M . (In fact, this is known for one-dimensional local Cohen-Macaulay rings and M of finite length and finite projective dimension; see [2, Lemma 21.10.17.3] and [4, Thm. 19 .1]). The equality does not hold when R is not a DVR. Indeed, suppose R is a local ring with maximal ideal m and residue field k such that R is not a DVR. Let M = k × k, so the length of M is 2. The Fitting ideal Fit R (M ) is m 2 , so the length of R/Fit R (M ) is 1 + dim k m/m 2 , which is greater than 2. Hence, we have a strict inequality length M < length R/Fit R (M ).
Thus, we ask if for certain rings R it is at least true that for every finite-length R-module M we have the inequality length M ≤ length R/Fit R (M ). Let p be a prime number. We consider this question for R = A[C] where C is a group of prime order p and A is the ring of integers of an unramified finite extension of Q p . The following is the main result of this paper. It gives an affirmative answer to our question.
-module where C is a group of prime order p and A is the ring of integers of an unramified finite extension of Q p . We have the following inequality 
If the ideal Fit
is a principal ideal then we have an equality.
The local ring A[C] is a Gorenstein ring. This plays a very important role in the proof of Theorem 1.1. In Section 3, we prove Proposition 3.6 relating ideals in A[C] and in its normalization; this is the key proposition. It is an application of a result (Proposition 3.5) proved in [1] . In the rest of the paper, we use Proposition 3.6 to exploit the Gorenstein property of A [C] . In Section 4, we fix a short exact sequence 0
Let F q be the residue field of A. We prove that K/mK is an F q -vector space of dimension t if and only if Fit A[C] (M ) is a principal ideal. By using that, in Section 5 we prove the main result (Theorem 1.1).
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The definition of a Fitting ideal
Let R be a commutative ring with identity and M be a finitely generated R-module. Choose a surjective R-morphism f :
We have the following proposition. Proposition 2.2. For a finitely generated R-module M , the following hold.
1
Proof: These follow immediately from the definition of a Fitting ideal and properties of the tensor product.
Example 2.3. Suppose L is a finitely generated module over a principal ideal domain D.
Then we have
whose kernel is generated by the vectors (a 1 , 0, ... , 0), (0, a 2 , ... , 0), ... , (0, 0, ... , a t ). Therefore, the D-ideal Fit D (L) is generated by the product a 1 a 2 ... a t . With this example we see that if L were to be a finite D-module then we would have
The Gorenstein group ring A[C]
In the rest of the paper, we assume that R = A[C] where C is a cyclic group of prime order p and A is the ring of integers of an unramified finite extension of Q p . Let F q be the residue field of A, so q is a power of p. Suppose c is a generator of C. We have the isomorphism
given by φ(c)
is a local ring with maximal ideal (p, T ) and residue field F q . As the depth and the Krull dimension of R are both equal to 1, the local ring R is a Cohen-Macaulay ring. The element p in the maximal ideal of R is an R-regular sequence which generates an irreducible ideal in R. Therefore, R is a Gorenstein ring. In other words, it has finite injective dimension. In fact, its injective dimension is equal to its Krull dimension which is 1. . The ring R is a principal ideal ring. We have the short exact sequence
where the map η is given by η(r) = (r mod T, r mod N ) for every r ∈ R, and the map ϑ is given by ϑ(r 1 , r 2 ) = r 1 − r 2 mod m for every (r 1 , r 2 ) ∈ R. Thus, the A-module R/R is isomorphic to the residue field F q of R, and so the quotient A-module R/R has length 1.
Notation 3.3. For any R-module M , we denote the tensor product M ⊗ R R by M .
For an R-module M , there is always the natural R-morphism ψ from M to M given by ψ(m) = m ⊗ 1. We have the following proposition. 
The map τ that we defined here coincides with the map τ that we defined in the proposition by the identification of M with M/T M × M/N M . With this exact sequence it is clear that the cokernel of ψ is isomorphic to M/mM through the map τ . Now consider the kernel K of ψ in the above exact sequence. The R-module K is equal to T M ∩ N M , so it is killed by the ideal (N, T ). Since p ∈ (N, T ) and the ideal (p, T ) is the maximal ideal, we have (N, T ) = (p, T ). It follows that K is killed by the maximal ideal m of R, and in particular by p. Thus, if M is a Z p -torsion free R-module then K = 0. Hence, we proved the proposition.
Consider the following proposition concerning general Gorenstein orders over principal ideal domains. Proof: This is Proposition 2.7 in [1] .
Let J be any ideal of R, then (J : J) := {r ∈ R : rJ ⊂ J} is a ring and we have
Since the quotient A-module R/R has length 1 (see Remark 3.2), the ring (J : J) is equal to either R or R. In the sequel, to prove the main theorem in Section 5, we will use the following proposition very often to exploit the fact that R is a Gorenstein ring.
Proposition 3.6. If the ideal J of R is not a principal ideal, then it is also an R-ideal.
Proof: Suppose J is an ideal of R which is not a principal ideal. By the above explanation, (J : J) is either R or R. Suppose it is equal to R. Since R is an order over the principal ideal domain A, we use Proposition 3.5 and we obtain that the R-ideal J is invertible. Since R is a local ring, this occurs only when J is a principal ideal generated by an element which is not a zero-divisor. But this contradicts our assumption that J is not a principal ideal. Thus, we have (J : J) = R. Hence, J is also an R-ideal.
Finite modules over A[C]
In this section, we prove some propositions which we will use in Section 5 in our proof of the main theorem. From now on, we assume that M is a finite R-module. Recall that C has prime order p and A is the ring of integers of an unramified finite extension of Q p with residue field F q and that R = A[C] is a local ring with unique maximal ideal m and residue field F q . We fix a short exact sequence
of R-modules.
Proposition 4.1. Consider the R-module K in the short exact sequence (4.1). The quotient K/mK is an F q -vector space. We have
with equality holding if and only if K is R-free of rank t.
Proof: Since the residue field of the local ring R is F q , the quotient K/mK is an F q -vector space. Let d = dim F q (K/mK), so K admits d generators as an R-module, by Nakayama's Lemma. By choosing a surjective map ϕ : R d −→ K, we get an exact sequence
We tensor this exact sequence over A with A[1/p] = F . Since M is a finite R-module and R is a free A-module of rank p, we obtain a surjection
Hence, this shows that d ≥ t. Now, suppose d = t. Then the surjectionφ ′ is an isomorphism, implying that Ker ϕ ′ ⊗ A F = 0. Since Ker ϕ ′ ⊂ R d , it does not have nonzero A-torsion. This shows that Ker ϕ ′ = 0, and so Ker ϕ = 0. Therefore, the map ϕ is an isomorphism, implying that K is R-free of rank t. Hence, the proposition follows. Proof: Suppose K is a free R-module. Since M is a finite R-module, the rank of K is equal to t. Then, by definition of the Fitting ideal, the R-ideal Fit R (M ) is generated by the determinant of the map from K to R t , implying that Fit R (M ) is a principal ideal. Now, assume that Fit R (M ) is a principal ideal of R. Let Fit R (M ) = αR where α ∈ R. Note that α ∈ R[1/p] × since M is finite. Thus, α is not a zero-divisor in R. We claim that there exist v 1 , v 2 , ..., v t ∈ K such that det(v 1 , v 2 , ..., v t ) = αu, where u is a unit in R. If this were not to be the case, then for every w 1 , w 2 , ..., w t ∈ K we would have (det(w 1 , w 2 , ..., w t )) ⊂ αm where m is the unique maximal ideal of R. Then we would have Fit R (M ) ⊂ mFit R (M ), so Nakayama's Lemma would imply that Fit R (M ) = 0. But this would contradict with the fact that M is finite.
Let r be any element of K. We solve the linear system
with Cramer's Rule. We get that λ i = δ i /α for some δ i ∈ Fit R (M ). Thus, in particular, all λ i 's are in R. This shows that the vectors v 1 , v 2 , ..., v t generate K over R. Now suppose
for λ i 's which are not all zero. This implies that det(v 1 , v 2 , ..., v t ) = αu = 0, so that α = 0. This again contradicts with the finiteness of M . Thus, all λ i 's are zero. As a result, we proved that K is a free R-module of rank t. Hence, the proposition follows.
We tensor the short exact sequence (4.1) over R with R and we obtain the following commutative diagram:
The main theorem
Recall that M is a finite R-module and we have the short exact sequence (4.1). In this section, our aim is to prove the following theorem.
Theorem 5.1. Let M be a finite R-module. We have
with equality holding when dim F q (K/mK) = t.
Proof: Consider the short exact sequence (4.1). In Proposition 4.1 we proved that dim F q (K/mK) ≥ t. Thus, we split the proof of this theorem in two cases.
Consider the short exact sequence (4.1) for a finite R-module M . By Proposition 4.1 the R-module K is free of rank t. Tensoring the short exact sequence (4.1) over R with R, we obtain the following commutative diagram:
Consider the bottom exact sequence. We tensor it over A with F := A[1/p]. Since F is A-flat, we obtain an isomorphism 0 −→ F pt ϕ −→ F pt −→ 0.
As Ker ϕ ⊂ R t , it does not have A-torsion. Hence, we have Ker ϕ = 0. Now, we apply the snake lemma to this commutative diagram. Since R t /R t is F where the first map is given by multiplying by det ϕ and the second map is the natural quotient map. Since det ϕ is not a zero-divisor, the quotient R/(det ϕ) R is finite. In the same way, we tensor this short exact sequence over R withR. Then, we obtain a commutative diagram to which we also apply the snake lemma and get # R/(det ϕ) R = # R/(det ϕ) R.
The R-Fitting ideal of M is generated by det ϕ. By Proposition 2.2(3), the R-Fitting ideal of M is also generated by det ϕ. Since R is the product of principal ideal domains,
